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Some researchershave pointedout that the cyclic motion of the arm
is effective for controllingboth arm shape and body orientation.2 ¡ 4

Our result veri� es this property of a space robot when the mobility
ranges of the joint angles are limited.

Experiments
The same experiment as Ref. 1 was performed. Because the path

plannedby the GA was the same as the breadth-� rst search in Ref. 1,
the result is not described here.

In the case of optimal control, because the experiment is limited
to a total time of 10 s, the path obtained using Eqs. (3–5) should
be compressed to about 5.5 s. Moreover, because this robot can-
not control the joint angles and angular velocities continuously,20
discrete points from the path were used to execute the experiment.
The results of joint motion are shown in Fig. 3a. The dotted lines
indicate ideal compressed paths, and solid lines indicate the actual
motions. They are in good agreement. In Fig. 3, the origin of time is
takenas the time of initial robotmotion.Figure 3b shows the camera
images of the grid graph paperbeforeand after the motion.The light
source positions, representedby black circles, are slightly different,
even though they should be the same. In Fig. 3c, (p1e, p2e ) indicates
the experimental results for the motion of the light source position
effect on the image, and (p1s , p2s ) represents the simulated results:
p2 motions are in good agreement, whereas p1 motions are not.

There are four possible causes of error. The � rst is model inac-
curacy. The second is error of the database itself. These have been
explained previously.3 However, the third and fourth possibilities
are peculiar causes related to optimal control. The third possibility
is the assumption of dpi = Çpi . Here dpi was measured by moving
the joints §30 deg/s for 1 s, whereas Çpi is the velocity of the im-
age motion in a pixel, where in� nitesimally small motion during
an in� nitesimally small time period is assumed. Obviously, the as-
sumption of dpi = Çpi is in error. The fourth possibility is motion
beyond the database.The joint angle q1 moves in the negative range
during the motion, which is out of the database range. This might
result in an error.

Conclusions
Based on the results, the following general conclusions can be

made.
1) The merit of GA lies in � nding a temporary path at an early

stage.
2) The merit of using optimal control techniqueslies in the ability

to deal with continuous joint angle values.
3) Results verify the property of cyclic motion of the arm for

control when the ranges of joint angles are limited.
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I. Introduction

T HERE are continuing efforts to improve the performance of
guidance laws for the terminal phase of a missile intercepting

maneuveringtargets.Moredetailedmodelshavebeenintroducedfor
derivationof guidancelawswith improvedperformancewith respect
to theclassicalproportionalnavigation.The inclusionof the stochas-
tic nature of the measurements led to the introduction of Kalman
� lters into guidance.1,2 The inclusion of the missile dynamics and
target maneuver, by the use of the optimal control theory, was con-
sidered in Refs. 1, 3, and 4. When the target accelerationis unknown
the shaping� lterwas used in Ref. 1 to accountfor the target’s maneu-
ver. The missile accelerationconstrainthas beendealtwith in Ref. 3.
The differential games approach has been presented in Refs. 5–7.

Here we concentrate on more detailed modeling of the target
maneuver. Namely, the contribution of this paper is the applica-
tion of the multiple model-based approach to the derivation of a
guidance law for the terminal phase of a missile intercepting a ma-
neuvering target. We consider the multiple model adaptive control
(MMAC) architecture8,9 and the multiplemodeladaptiveestimation
(MMAE)-based control architecture.10 These architecturesare sub-
optimal, feasible algorithms for control of uncertain systems. They
have been applied to control of uncertain systems with success.11

The main objective is to assess the improvement in performance
that can be achieved by application of the multiple model-based
algorithm to the derivationof the guidance law: the multiple model-
based guidance law (MMGL). The comparison between the guid-
ance law based on the shaping � lter1 and the MMGL is performed
on a common basis. By common basiswe mean that the information
available for both approaches is identical.

The guidance law based on the shaping � lter is linear and time-
varying. The MMGL is time-varying and nonlinear. A simple ex-
ample is presented to identify the improvement and to keep the
numerical effort affordable, as it increases rapidly with the number
of model hypotheses. In the example we assume a missile with an
instantaneous time response autopilot, guided against a maneuver-
ing target that performs a step maneuver whose initiation instant is
uniformly distributed over the short terminal intercept period. The
simulations show that the MMGL has improved performance, in
term of a smaller miss distance, with respect to the guidance law
based on the shaping � lter approach.

II. Statement of the Problem
The followingis the problemof controlon an nth-orderstochastic

linear discrete-time uncertain system on � nite time.8 The system is
speci� ed by the following model:

x(i + 1) = A(h )x(i ) + m(h , i ) + b(h )u(i ) + v(i ), x(0) = x0

y(i ) = c(h )x(i ) + w (i ), i = 0, 1, 2, . . . , N ¡ 1 (1)

where x(i ) 2 Rn is the state; u(i ) 2 R1 is the input and y(i ) 2 R1

is the measured output; A(h ) 2 Rn £ n and b(h ), c(h )T 2 Rn ; and
m(h , i ) 2 Rn is an external deterministic input for a given h . The se-
quencesv(i ) and w(i ) 2 R1 are mutually independentexcitationand
observationnoiseprocesses,respectively.They are zero-meanwhite
Gaussian sequences with covariances E[v(i )v( j )T ] = V ( j, h ) d i j

and E[w (i )w ( j )T ] = W ( j, h ) d i j . The initial state vector x0 is
Gaussian and independent of v(i ) and w (i ) for i ¸ 0 and has a
priori probabilitydensity p[x(0)] with mean x̄0 and covariance Q0.
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The p-dimensional time-invariant parameter vector h is unknown,
with assumed a priori probability density function p(h ) de� ned on
a � xed set X h .

Our interest is to derive a guidance law, i.e., to derive a sequence
{u(0), u(1), u(2), . . . , u(N ¡ 1)}, such that the cost function

J =
1
2

E

"
x(N )T Gx(N ) +

N ¡ 1X

i = 0

u(i )T u(i )

#
(2)

is minimized subject to Eq. (1), where 0 ·G 2 Rn £ n and 0 < R 2
R1. We are looking for an implementable control scheme, such that
u(i ) is a function of the observations k k ={y(0), y(1), . . . , y(k)}.

III. Multiple Model Control Algorithms
For the case of completely known systems, i.e., when the param-

eter vector is completely known, p(h ) = d (h ¡ h 0), the solution of
the above problem is well known.2 It is a cascade of the Kalman
� lter and a full-state feedback.Certainty equivalenceand separation
apply in this case.

The solution of the problem de� ned in Sec. II is not feasible.8

Therefore approximate schemes have been derived:
1) the MMAC8,9 and
2) the MMAE-based control.10

These approaches assume that the range of the uncertain param-
eters h is discrete or that it is suitably quantized, that is, X h ={h 1,
h 2, . . . , h M } , where M is the number of elements in the uncertainty
set.

A. MMAC
In the MMAC approach,the system state estimation is performed

by the appropriatealgorithm.8 A block diagram of this algorithm is
presented in Fig. 1. Speci� cally, the optimal state estimator for the
j th hypothesis, j =1, 2, . . . , M , is given by

x̂ j (i + 1 j i ) = A(h j ) x̂ j (i j i ) + m(h j , i ) + b(h j )u(i )

x̂ j (0 j 0) = x̄0

m j (i + 1) = y(i + 1) ¡ c(h j ) x̂ j (i + 1 j i )

x̂ j (i + 1 j i + 1) = x̂ j (i + 1 j i ) + K j (i + 1) m j (i + 1)

i = 1, 2, . . . , N ¡ 1

Q j (i + 1 j i ) = A(h j )Q j (i j i ) AT (h j ) + V (i, h j )

Q j (0 j 0) = Q0

S j (i + 1) = cT (h j )Q j (i j i )c(h j ) + W (i, h j )

K j (i + 1) = Q j (i j i )cT (h j )S ¡ 1
j (i + 1)

K j (i + 1 j i + 1) = Q j (i + 1 j i ) ¡ K j (i + 1)S j (i + 1)K T
j (i + 1)

(3)

Fig. 1 Block diagram of the MMAC approach.

Under the Gaussian assumption the probability density function
of the innovations is

p[ m j (i )] = [2 p S j (i )] ¡ 1
2 exp

£
¡ 1

2
m T

j (i )S j (i ) m j (i )
¤

(4)

The posterior probability that the j th hypothesis is correct is

p j (i ) =
p[m j (i )]p j (i ¡ 1)

PM
j = 1

p[ m j (i )]p j (i ¡ 1)
, p j (0) = Prob(h = h j )

(5)

where p j (0), j = 1, 2, . . . , M , is the a priori probability that the
j th model is correct. The control is

u(i ) =
MX

j = 1

u j (i ) p j (i ) =
MX

j = 1

F j (i ) x̂ j (i j i ) p j (i ),
MX

j = 1

p j (i ) =1

(6)

where F j (i ) is a control law design for a known model with pa-
rameters h j . Here we assume that this control law is precomputed
off-line by the Riccati equation as follows:

u j (i ) = F j (i ) x̂ j (i j i )

F j (i ) = ¡ R ¡ 1b(h j )
T P j (i + 1)

£
I + b(h j )

T R ¡ 1b(h j )
T

£ Pj (i + 1)
¤ ¡ 1

A(h j ), i = N ¡ 1, N ¡ 2, . . . , 1, 0

P j (i ) = A(h j )
T P j (i + 1)

£
I + b(h j )

T R ¡ 1b(h j )
T

£ Pj (i + 1)
¤ ¡ 1

A(h j ), Pj (N ) = G (7)

B. MMAE-Based Control
In theMMAE-basedcontrolapproach,the systemstateestimation

is performedby the estimationalgorithm[Eq. (3)]. A block diagram
of this algorithm is presented in Fig. 2. The estimated state is

x̂(i + 1 j i + 1) =
MX

j = 1

x̂ j (i + 1 j i + 1) p j (i ) (8)

and the control is

u(i ) = F[ ˆh (i )]x̂(i j i ) (9)

where the estimated parameters are

ˆh (i ) =
MX

j = 1

h j p j (i ) (10)

and F(h ) is a control design rule yet to be speci� ed (it is not specif-
ied here). There are no known proofs of stability or results on per-
formance of the MMAC or MMAE-based control algorithms.
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Fig. 2 Block diagram of the MMAE-based control approach.

IV. Derivation of a Guidance Law
To derive a guidance law we assume, similarly to Ref. 2 (p. 154),

the following continuous system:

d

dt

³
x(t)

Çx(t)

´
=

³
0 1

0 0

´³
x(t)

Çx(t)

´
+

³
0

1

´
n aT 0 l (t ¡ s ) ¡

³
0

1

´
u(t)

y(t ) = [1 0]

³
x(t )

Çx(t )

´
+ w (t) (11)

where l (t ) is the step function. This is a model of a target
that initiates a step acceleration of amplitude aT 0 at time t = s .
The acceleration can be either positive or negative, i.e., n is a
random variable such that n 2 { ¡ 1, 1}, and Prob( n = +1) = 0.5,
Prob( n = ¡ 1) = 0.5. The initiation instant, s , is a random variable
uniformly distributed in the interval [0, t f ], t f = NT, where T is the
sampling interval. Thus the target’s acceleration is a stochastic pro-
cess, as the initiation instant and its direction are random variables.

To derive the MMGL we discretizethe uncertaintyset. That is, we
approximate the uncertainty set {s j 0 · s · t f } © {n j n 2 { ¡ 1, 1}}
by the � nite set

X h ={s j = jT j j = 0, 1, 2, . . . , N ¡ 1} © {n j n 2 { ¡ 1, 1}} (12)

and

p j (0) = Prob( s k = s j ) = 1/ M (13)

We have M = 2N hypotheses. The discrete system for the hy-
pothesis that a target maneuver starts at instant kT is
2

4
x(i + 1)

Çx(i + 1)

aT (i + 1)

3

5 =

2

4
1 T 1

2
T 2

0 1 T

0 0 1

3

5

2

4
x(i )

Çx(i )

aT (i )

3

5 ¡

2

4
1
2
T 2

T

0

3

5u(i )

+

2

4
1
6
T 3

1
2
T 2

T

3

5 1
T

[n aaT 0 d ik + v(i )]

y(i ) =[1 0 0]

2

4
x(i )

Çx(i )

aT (i )

3

5 + w(i ), i =0, 1, 2, . . . , N ¡ 1

(14)

where n a = +1 for a positive maneuver and n a = ¡ 1 for a negative
maneuver.

In practicetheactualmaneuver initiatesat s mnv , where s mnv 6= kT ,
thus v(i ) represents the residual between the actual target accelera-
tion and the assumed acceleration in the model.

The discrete Kalman � lter for each hypothesis (3), j =1, 2, . . . ,
M (M =2N ), is
2

4
x̂ j (i + 1 j i )

ˆÇx j (i + 1 j i )

âT j (i + 1 j i )

3

5 =

2

4
1 T 1

2
T 2

0 1 T

0 0 1

3

5

2

4
x̂ j (i j i )

ˆÇx j (i j i )

âT j (i j i )

3

5 ¡

2

4
1
2
T 2

T

0

3

5u(i )

+

2

64

1
6
T 3

1
2
T 2

T

3

75 1
T

n haT 0 d ik

m j (i + 1) = y(i + 1) ¡ x̂ j (i + 1 j i )

2

4
x̂ j (i + 1 j i + 1)

Ç̂x j (i + 1 j i + 1)

âT j (i + 1 j i + 1)

3

5 =

2

4
x̂ j (i + 1 j i )

ˆÇx j (i + 1 j i )

âT j (i + 1 j i )

3

5 + K j (i + 1) m j (i + 1)

i = 0, 1, 2, . . . , N ¡ 1 (15)

where

k =

»
j ¡ 1 if 1 · j · N

j ¡ N ¡ 1 if N + 1 · j · 2N

n h =

»
1 if 1 · j · N

¡ 1 if N + 1 · j · 2N

and the gain K j ( ) is as detailed in Eq. (3).
The discrete guidance law for each hypothesis, j =1, 2, . . . , M

(M =2N ), is independentof thehypothesisfor the presentedspecial
case and is derived based on the system
2

4
x(i + 1)

Çx(i + 1)

aT (i + 1)

3

5 =

2

4
1 T 1

2
T 2

0 1 T

0 0 1

3

5

2

4
x(i )

Çx(i )

aT (i )

3

5 ¡

2

4
1
2
T 2

T

0

3

5u(i ) (16)

The guidance law is the augmented proportional navigation,
which is presented for the continuouscase in Ref. 1 (Chap. 7). The
derivation for discrete systems is presented in the Appendix. The
commandedaccelerationfor each hypothesis,for G =[g 0 0], R =
1, g ! 1 , is

u j (i ) =
6(N ¡ 1)

2(N ¡ i ) + 1

£
x̂ j (i j i ) + (N ¡ i )T ˆÇx j (i j i ) + 1

2
(N ¡ i )2T 2âT j (i j i )

(N ¡ i )2T 2
(17)
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and the commanded acceleration of the missile is

u(i ) =
MX

j = 1

u j (i ) p j (i ) (18)

where

p j (0) = Prob( s k = s j )Prob( n = n h ) = 1/ 2N (19)

Note that for the special case presented here we have

u(i ) =
6(N ¡ i )

2(N ¡ i ) + 1

£
x̂(i j i ) + (N ¡ i )T ˆÇx(i j i ) + 1

2 (N ¡ i )2T 2âT (i j i )

(N ¡ i )2T 2
(20)

where

x̂(i j i ) =
MX

j = 1

x̂ j (i j i ) p j (i ), ˆÇx(i j i ) =
MX

j = 1

ˆÇx j (i j i ) p j (i )

âT (i j i ) =
MX

j = 1

âT j (i j i ) p j (i ) (21)

Note that this is a specialcase of the MMAC-based controlwhere
the controller is independent of the hypothesis.

V. Shaping Filter-Based Guidance Law
The existing approach in deriving a guidance law1 is to represent

the target’s acceleration by a shaping � lter (Ref. 1, Chap. 4). Then
the continuous system under consideration is (Ref. 1, Chap. 8)

d

dt

2

4
x(t )

Çx(t )

aT 0(t)

3

5 =

2

4
0 1 0

0 0 1

0 0 0

3

5

2

4
x(t )

Çx(t )

aT 0(t)

3

5 ¡

2

4
0

1

0

3

5u(t ) +

2

4
0

0

1

3

5vc(t)

y(t ) =
£
1 0 0

¤
2

4
x(t )

Çx(t )

aT 0(t)

3

5 + w c(t ) (22)

where E[vc(t)v T
c (t)] = Vc d (t ¡ s ), Vc = a2

T 0 / t f , and E[w c(t)w T
c (t)] =

Wc d (t ¡ s ).
The discrete system is

2

4
x(i + 1)

Çx(i + 1)

aT (i + 1)

3

5 =

2

4
1 T 1

2
T 2

0 1 T

0 0 1

3

5

2

4
x(i )

Çx(i )

aT (i )

3

5 ¡

2

4
1
2
T 2

T

0

3

5u(i )

+

2

64

1
6
T 3

1
2
T 2

T

3

75 1
T

v(i )

y(i ) =[1 0 0]

2

4
x(i )

Çx(i )

aT (i )

3

5 + w (i ), i =0, 1, 2, . . . , N ¡ 1 (23)

The Kalman � lter for this system is presented in Ref. 1 (Chap. 9).
The discrete guidance law for the shaping � lter is based on

Eq. (16), and we have

u(i ) =
6(N ¡ i )

2(N ¡ i ) + 1

£
x̂(i ) + (N ¡ i )T ˆÇx(i ) + 1

2 (N ¡ i )2T 2âT (i )

(N ¡ i )2T 2
(24)

VI. Simulations Results
Here we present simulation results of comparison between the

guidancelaw basedon the shaping� lter approach,detailedin Sec. V,

Table 1 RMS miss of the multiple model-based
and shaping � lter-based guidance laws

RMS miss, m, at t f

1 s 2 s 3 s 4 s 5 s

Shaping � lter 3.34 3.14 2.89 2.81 2.75
MMGL 2.63 2.18 1.92 1.85 1.7

and the guidance law based on the multiple model-basedapproach,
detailed in Sec. IV. The example is kept simple to identify the im-
provement and to keep the numerical effort affordable.Namely, we
assume that the target acceleration level is known. In practice its
value, and not only its direction, should be included in the uncer-
tainty set. Such inclusion would have increased the numeric effort
to an unacceptable level. The evaluation is performed by the Monte
Carlo method. The results are presented for 1000 runs, T =0.1 s,
and Wc = 1 m2/Hz. For the MMGL Vc =1 m2/s5, and for the shaping
� lter guidance law Vc = a2

T 0 / t f , and aT 0 = 50 m/s2. The simulation
initiates when the missile is on the collision course, i.e., x(0) = 0
and Çx(0) = 0.

The mean of the miss is zero, as the direction of the target’s
maneuver is positive or negative with equal probability. The RMS
miss for the two types of guidance laws at several terminal times is
presented in Table 1. We can see that the MMGL is a vital approach
for deriving a guidance law for the � nal phase of a homing missile.
As can be seen the MMGL has a smaller RMS miss distance. This
improvement is due solely to the more detailed modeling of the
target’s maneuver and the additional computational effort.

VII. Conclusions
A guidance law based on the multiple model approach has been

derived. Simulations show that, at the expense of large numerical
effort, the MMGL is capableof improvingmissile performancewith
respect to the shaping � lter-based guidance law.

Appendix: (Title)
In Ref. 4 the discrete guidance law for high-order missile and

maneuveringtarget was derived. In the example consideredhere we
assume a zero-lag autopilot and a step target maneuver, i.e.,

am (z)
u(z)

= 1,
am (z)
am (0)

=
z

z ¡ 1
,

aT (z)
aT (0)

=
z

z ¡ 1
(A1)

then as g ! 1 , the effective navigation ratio, N 0 (i ), is

N 0 (i ) = (N ¡ i )2T 2 K (N ¡ i ) =
6(N ¡ i )

[2(N ¡ i ) + 1]
(A2)

and not the erroneous result in Eq. (14) in Ref. 4. The guidance law
is the augmented proportional navigation,

u(i ) = N 0 (i )
x(i ) + (N ¡ i )T Çx(i ) + 1

2
(N ¡ i )2T 2aT (i )

(N ¡ i )2T 2

= N 0 (i )

³
Vclose Çk (i ) +

1

2
aT (i )

´
(A3)

where Çk (i ) is the inertial line-of-sight angular rate, and Vclose is the
closing velocity.
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Introduction

T HE geometry of rotations is critical to the analysis of diverse
problemsrangingfrom themotionof celestialbodiesto thedex-

terous manipulationof objects subject to nonholonomicconstraints.
In a number of these problems, the use of orientation coordinates
such as Euler angles1 and Euler parameters1 becomes necessary
since angular velocities are nonintegrablein nature.2 Though angu-
lar velocities fail to provide a proper choice of orientation coordi-
nates, their nonintegrablenature provides greater control authority.
It has been shown in recentyears, for example, that complete recon-
� guration of a rolling sphere in � ve dimensions is possible using
only two angular velocities as control inputs.3 ¡ 5

From our own research5 on recon� guration of the rolling sphere,
it becomes clear that a certain sequenceof rotationsabout axes con-
� ned to the horizontal plane is equivalent to a single rotation about
the vertical axis. For the sequences proposed,5 the point of con-
tact between the sphere and the ground traces spherical triangles.6,7

Though these results were obtained for a rolling sphere, they apply
to general rigid body rotation. Also, closed curves on the sphere
need not be restricted to spherical triangles; they can be lunes8 or
other spherical polygons.‡

The primary contributionof this Note lies in the use of spherical
trigonometry for establishing a fundamental relationship in rota-
tional kinematics, stated also by the Gauss–Bonet theorem9 of par-
allel transport. The theorem essentially states that a rolling sphere,
which depicts the rotational motion of a rigid body constrained
to rotate about axes that are con� ned to one plane, undergoes a net
change in orientationabout the axis perpendicularto the plane when
its point of contact traces a spherical polygon. The amount of ro-
tation is equal to the solid angle enclosed by the polygon and the
direction of rotation depends on the direction in which the poly-
gon is traced. This result and its mathematical exposition reinforce
the connectionbetween spherical trigonometryand rotational kine-
matics, which has been pointed out in earlier works.10 Apart from
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rotationalkinematics, the result is also useful for other applications.
For example, it helps us to us resolve the problem of image registra-
tion with space telescopeswhen they are pointed from one direction
sequentiallyto other directionsand back to the original direction, to
generate an image of an extended region. The axis of the telescope
traces out the edges of a spherical polygon on the in� nite sphere
when it is returned to its original pointing direction. To avoid the
problemof image registration,one has to compensatefor rotationof
the telescope about its own axis, equal to the solid angle subtended
by the traced spherical polygon.

Review of Spherical Trigonometry
A circle generated by a plane passing through the center of a

sphere is a great circle. The angle on the sphere formed by inter-
secting arcs of two great circles is a spherical angle. The portion of
the sphereboundedby arcs of three great circles is called a spherical
triangle.Consider the sphericaltriangle in Fig. 1, whose verticesand
spherical angles are P, Q, R and A, B, C , respectively.Let a, b, c
denote the angles subtendedby the arcs Q R, R P , P Q at the center
of the sphere. The important relations for the spherical triangle6 ¡ 8

are given by the law of sines,

sin a / sin A = sin b/ sin B = sin c/ sin C (1)

the laws of cosines for sides,

cos a = cos b cos c + sin b sin c cos A (2)

cos b = cos c cos a + sin c sin a cos B (3)

cos c = cos a cos b + sin a sin b cos C (4)

and the laws of cosines for angles,

cos A = ¡ cos B cosC + sin B sin C cosa (5)

cos B = ¡ cos C cos A + sin C sin A cos b (6)

cos C = ¡ cos A cos B + sin A sin B cos c (7)

Some useful relationships that can be derived6 ¡ 8 from the laws of
cosines for sides are

sin A cos b = sin C cos B + sin B cosC cosa (8)

sin B cos c = sin A cos C + sin C cos A cos b (9)

sin C cos a = sin B cos A + sin A cos B cos c (10)

sina cos C = sin b cos c ¡ sinc cos b cos A (11)

sin b cos A = sin c cosa ¡ sin a cos c cos B (12)

sin c cos B = sin a cos b ¡ sin b cos a cos C (13)

sin A cos c = sin B cosC + sin C cos B cosa (14)

sin B cos a = sin C cos A + sin A cos C cos b (15)

sin C cos b = sin A cos B + sin B cos A cos c (16)

The area of a spherical triangle can be mathematically expressed as

D = Er 2 , E ( A + B + C ¡ p ) (17)

Fig. 1 Spherical triangle.


